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REASONING IN BASIC DESCRIPTION LOGICS AND
: DESCRIPTION LOGICS WITH MODAL OPERATORS

Abstrect. Description logics are a family of knowledge represen-
tation languages constructed for a wide area of application domains.
They ave based on the notion of concepts and roles, and are mainly
characterized by constructors that allow complex concepts and roles
| 0 be built from atomic ones. Constructor selection depends on the
3 ’ application domain the representation formalism is designed for. This
; ) paper concerns a special type of DLs extended with temporal aper-
ators. After an overview of basic description logics, original resuits
related to the temporal extensions of DLs, precisely DLRy.s, which
has been modeled with an aim to overcome problems of reasoning over
conceptual schemas and queries in temporal databases are giver.

I ! Mathematics Subject Classificetion (2000): 03B70, 68T30, 68127,
68735, 03B44, 03B45, 03835, 03B60, 03880, 03F20




Jap swsewo} uondisep Lressapau syuswsnnbar maysds pue sumwwop wo S
-puxingg  Csuremop uoijesiidde snnlres 0] pasn ere gormgs satdo] uwondunsaq oo
poseq swegsds pajuswspdwr snotea wie srpY; Aepo], punn ur ucyestdde jo eare
2217000 ' Y314 pue punoiBypeq reuwiof i padopasp ‘seseR 0w Ul ‘a1am £ay)
TRYT 10} 9y JO $e0URnhasu0D ey 219m rT(] Aq YSnolq alam eYy] sjuauaaoad [y
‘ssauaalssaIdxa
uo spusdap Axaldingy 1wyl pue AjqEPIILP 2q ISnw F( uf saanpaoord Fuposesy

‘suolye[@l uoldumsgns woly peaap s3da0u0d Jo Lyaremniy
{Fojouneia) € jo spdeouco usamyaq suorepl wondunsgng
‘susgyred sousIagur

SHIURIISS Pase]->130] [RULIO)

‘Bumosess ao siseydurs

rare endof uondunsap jo sonsuFerrys ole)y
{0 1e 19 veg] Jemdod
aureoaq sor8o] uordusosa uLkey 91y *suiegsds 1eordo] BmApapun a1y Jo sayradoad o)
SPIEMO} PRAOTU IBIIN] Se4 WOIIURYIR I29Fe ‘sread Juadal arour uj -sadenFuy| jdeduco
aureu sy O} 351 JuTAlS ‘2FenFwe] oY) ur panyuIpe sO0IRs09 Fuinxoj-3dsouos Jo 18
Ny ue sem seegdumn oY e, SUIRYSAS [ed1So|ouIuLIa) JO Jaqe] 83 lopun uedaq
801807 uor1d1a0ss(] JO BaIR 81} UI (oIeasal 313 AYM JBa[d SI J1 PUIUI Ut sacqe Juisey
‘spenpatpul a1y Jo ss1aadoad ey pue sydaosuod
a7y JO NOTIUYRp SY3 Woa) paimyun are sdiysuorie[sl sowe)sul pue sdnjsuor)
~e(a uonduinsqus ‘1981 ayy Aq pasnpoljul A[DYdxe ore yonim ‘opiomien
dpURWAG Ul Syul] y-g1 #Iun 801 yrepedur ve Avd sydeouod pue sren
-pralpui usamieq sdigsuoneal souwisul pue s1deducd uaamlsq sdiysuctiepr
uénpdumsgns ‘renared up -seanpaooid asuarsju jo dpyg yie AjpeupEw
-010® PAlIJUL oq UED S[RNPIAIpUT pue sydaduod jhoge aHpeimour 1oydur e
‘Saj0l pue
¥1daouos xapdwes Buipnng 10} s103omIisuol (jenbape L[eardopwssida) jo
108 T[S 120 el © 3misn ur pagnasdl 51 aFendme] o119 jo Jamod satssaadxa ay [,
{sauwisuos) sEaplatpur pue ‘(sarespaad Aremq) sopor ymoye
‘{se1e0Tped L1eun) sydeouod oruIoje are sxa0)q Julpjing Myoejuis Jseg YL, *

i[zo ‘18 18 ®eg) 571 Jo uswndo(asdp Juahbosqns sy padels

Appdre] aaey ‘sursds FNO-TH 10 Ylom Lq paonpur ‘seept sy Suimo(of ayT,
'8109830Ue (] §¢ PeIaplsusy 3re safenBus] Jo Aurel GNQ-TH [I60mSRS ‘greryg
‘12°3(]] SHI0MAIPDU DWRIIAT] PAINIDNILS,, PA[RI-0§ DI JO WSAS POTI[EaI 1511 21}
‘[egogrrg] wsds gNO-T3 Jo wemdo[aasp o) Sumo 1red fiq U1 apew a10m suols
-Mu0D 8894 ], "ydnoua pood sea ‘aJendue[ nonreuasaldal jo samyes) uo Fupusdep
‘3130] 19p10-151y Y} Jo syuemFedy ATuo Fusn tersmoy CAunpew Sig 00} € alom
£19A01¢d TWBIEY) IBPIC-151Y SaSED AURI UT ‘IBA0DIOR ‘S[fRIIISOP 10U 219M SIURILS
-uGd SUWOS YRy NG ponny 3] NI0[ 1api0-9s1y Y} uwo Jurierar Lq Fwasls paseq

-AIOMIBU JO STUIIL D15k Juniussaidel Fem 19}1aq WRYSAS ) Bunpem uo jdursy)y
‘satjireuonIuny Sutuos
831 [eieus3 Jo 0USE(E 3Yl W PAINsal Yy 'AIRIRqEIOA SUO Ul paxTul esem sidan
U JO S20URISUI £ S[enpLAIpl) pue sosse(d peiouad se sjdaouno o1 Y70 [ 12 eeq)

51T SOIDOT NOLLATHISTA DISVY NI ONINOSYHY

k11

UOTJREWS10BIRYs oTwewes psrald S50 1Y) 'puey Jaio sy u( swajss peodor

2y ey wpeid M [QESH 10T FE PIIBPSHND IO 2I0M SUA)SLS PIseq-{iomiat
a1y ‘suiduo pevjusl-uRNY alow 1Y) 0 SumQ ([gUeI] es) seInjonns paseq
-[I0MIDT 5 0] PAIIDJRl USYo SIam Aaiy) ‘oaus [z '[e o veg] sdiysuoiyers ney;
PUE STENPIAIPUT JO 485 ® Se SSpajmotry urewop Sunuesaadar 1& sure YInmMidu o) jo
2INJINIR A1 BIOYA ‘SIAMDINIIS HIOMIPU Se PAPIREI DQ Yl0q Pned Asyy “juaafip
Apueogufs amem Aoy yInomyy -eanjoeld ur pesn Lpeolq ‘Saurel] pue sjIomIsu
JIURGS 2lam @Jay3 suoreusssadar paseq-difor-uou pazienads esay) Fuoury
‘satpenadde >01 pe ‘msijo ‘pue pezienads se
‘suorieiussaldas paseq-o(Fo[-uou pUe [QULIO} PUE [PIaULE 2I0UI 5% SMUSI[RULIO] Pasteq
-MT0] :[g0 [e 19 weq] sayseoidde wonwiussorda ofpojmauy jo sadAl om) alem 01
‘Gunyeads A[yBnoy TVHEANHL 10 2[QeSn $33] IO 2IO0UI aldm DI[m SOOMOS pue
seap! Jo wm1eds splm ® aavd )] SAISUOUL £10a Sea UOTIRIULsaIdal sdpajmouy Jo

PIPY #1)) UL yHaedssI 8,241 oY) U ‘swaisAs uorrjuasiidal 9T pa[A0D] paseq-110m1a1l

uc uwowepuno] Teunicy & Suptaoid Jo UONEBATIOW B YA DIYSIGRISs SIm T
‘moryesussaIda1 sEpA[MOUY JO PIOY O} UI YDTe9saI Yl JO SIIY ay) uo A1) £ay],
‘wsny) Aq paquIneap 23pa[aown aY1 1noqe Bumosedl 10) €[00} aplaocad 09 Hsey ayy
aary As1 ‘Suijqeua uonEuasodal sopisa -[FOMISEIS) fem [RULIQ) pUR PAININIIS
© U1 urewiop uotyeondde ug Jo afpapmoty TeI130[0UNLIRE 23 Jussadar 0] pasn aq Ued
oty sodensue] noryejuasaadal eSpaymony jo A[mrey e axe () sordo] uonditasag

UOIIINPOAL} "

oG SOMIATDN]
¥ TosnpPUol  f
LT fyxepdwoo pue fyqqepieg o€
GpT sejdurexy A1on{) pue rwayeg renjdaouo) F¢
faal snanb rerodway, gg
Al nFo7 uonndirosag reodma], eyl 7€
121 satreunmipld  C1g
0BT sioyerado (epour i sordol uondinseq g
6e1 SUOISU)Xs afenfuey Py
/1 swyIode Suoseay gE
vt SauBIUL 'L
LIT WISI[BULIO) Jtseq a9 Jo uonuga] ‘T2
911 so150] uonduossp xseqg 2
P11 uopnpoIy 1
SLNALNOD)




b

116  MILENKG MOSUROVIC, TATIANA STOJANOVIC, ANA KAPLAREVIC-MALISIC

by expressive power and, consequently, by formal and computational properties of
reasoning. With the same motivation different, extensions of DL were investigated,
too. Although semantics of extensions could be interesting for studying, most of
the researches associated with language extensions are fncused on finding reasoning
procedures for the extended languages. Within these, extensions depending on ap-
plication domain constructs for non-monotonic, epistemic, and temporal Teasoning,
and constructs for representing belief and uncertain and vague knowledge could be
interesting.

The conventional description logics were designed to represent knowledge only
about static application domains. To capture various dynamic features, for in-
stance, intensional knowledge (in multi-ageat systems), dependence on time or
actions {in distributed systems}, description logics are combined with suitable
“modal” (propesitional) logics, say epistemic, temporal, or dynamic. Again, thereis
a variety of possible combinations (see e.g. [Sch93, Laux94, Baalaulh, BaaOhl93j)-
Some of them are rather simple and do not increase substantially the complex-
ity of the combined logics {for example, the temporal description logic of Schild
[5¢h93] is ExpTME-complete); others are too expressive and undecidable (e.g. the
roulti-dimensional description logic of Baader and Ohlbach [BaaOhl93]).

An optimal compromise between the expressive power and decidability was found
in the series of papers [WolZakh98, WolZakh99c, WolZakh99b, MosZakh93], where
various expressive and yet decidable description logics with epistemic, temporal,
and dynamic operators were constructed.

This paper gives an overview of basic description logics as well as original re-
sults, which concern the temporal extensions of Description Logics. The paper is
arganized as follows. Section 2 is based on [Baa et al. 02) and gives an introduction
to deseription logics as a formal language for representing knowledge and reasoning
based on that knowledge. It gives bases of syntax and semantics, and the typical
reasoning tasks are described. At the end of the section some extensions of basic
language are given. Secticn 3 mainly refers to modal extensions of description log-
ics with emphasis on temporal extensions of description logics, precisely DLRuys
as temporal extension of non-temporal description logic DLR. Tt also gives an
example of how the presented logics can be applied in temporal databases.

2. Basic description logics

Deseription logic (DL) is a common name® for a family of knowledge represen-
tation formalisms applicd on a domain (the “world”) by defining relevant domain
terminalogy. They are based on & common family of languages, called description
languages, which provide a set of constructors to build class (concept} and prop-
erties (role) descriptions. Such description can be used in axioms and asgertions
of DL knowledge bascs and can be reasoned about with respect to DL knowledge
bases by DL systems:

Lpreviously used names where terminological knowledge representation languanges, concept fan-
guages, term subsumption languages, KL-ONE-based knowledge representation longuages

i
1
H
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2.1. Definition of the basic formalism. Knowledge basc generated from a knowl-
edge _.mvgmm:amsoa system hased on DL has two components: TBox and ARBox
Hmcx :;.wn_n.Enmm terminaology, i.e., vocabulary of an application domain, while ABax
gives wmmmnn_wum about named individuals of concepts from introduced wmngw:o_o@
The ﬁ:d_:o_o@\ consists of concepts and roles. Concepls denote sets of m:&iah
uals, while rales denote binary relatiuns between individuals. Complex descriptions
n.a an_cmmvﬁ and roles can be built by users in all DL systems. Description language
wn.._.. building these descriptions has model-theoretic semantics. Slatements H_u“u nWm
pcmﬂ E&ﬁ?m ﬂ,mcxmomn be translated into first-order logic or an exlension of it
system alsu offers to reason about termi ics, indivi ion
Typical tasks for reasoning on a TBox _m,M__,H,_M elogics, Jadividuals and sssetions.
s determining satisfability of terminology and
# subsumption relations of concepts.

Important. reasoning problems an a ABox level are:

* determining consistency of sets of assertions (i.e., if ABox has a model) and
. é.wm»rmn a set of assertions entails that an individual is an instance of a
given concept.
.Hrmwm, checks can help to determine whether a knowledge base is meaningful or to
organize concepts into a hierarchy according to their generality.
Raoi_mn.ﬁm representation (KR) system is integrated into a wider environment
ol an u.\ﬂvrnm&ow. Other components interact with KR system by querying and
:.SQHD..:._N the knowledge base by adding and retracting concepts, roles and asser-
tions. Rules present unlimited mechanism for adding assertions. They represent
an extension of 4 logic core of formalism that can be logically interpreted.

KB

Daesgription

Language Reasoning

Application

Programs Rules

FIGURE 1. Architecture of KR system based on DL

2.1.1. The basic a_.mmnum_unmos language AL, Elementary descriptions are atomic
n.ownm_:.u.. and atomic roles. Complex descriptions can be buill, from them indue-
tively with concept constructors. Tn ahstract notation, we use the letter A for
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« number restrictions are expressed by the formulac
$3nnl®) = Gpr,- . ¥Rz A AR ) A N v # s

i<j

benn(z) = (Fy1.- o ¥ar JR(T 0 AL A R{Z ot —+ Vouw=y
i<}

R T T

2.1.4. Terminologies. In the sequel, we will introduce:
« terminological axioms, which make statements about relations between con-

cepts or roles, .
» definitions as specific axioms and
o terminologies as sets of definitions by which we introduce atomic concepts

as abbreviations or names for complex concepts.
Terminological axioms. In the most general case, terminological axioms have the

p forin

cCD (RCS) or €=D (R=D5)
where C, D are concepts {(and R, S are roles). Axioms of the first kind ate called
inclusions, while axioms of the second kind are called equalities.

An interpretation 7 satisfies an inclusion C C D if CT C D7, and it satisfies
an equality € = D if G = DF, I T is a set of axioms, then T satisfies TifZ
satishies vach element of 7. If T satisfies an axiom (resp. a set of axioms), then it
is & model of this axiom (resp. set of axioms). Two axioms or two sets of axioms
are equivalent if they have the same models. )
Definitions. An equality whose lefi-hand side is an atomic concept is a definition.
Definitions are used Lo introduce symbolic names for complex descriptions.

A set of definitions should be unequivocal. A finite set of definitions T is a
terminology or TBox if ne symbolic name is defined more than once, that is, if for
every atomic concept A there s at most one axiom in T whose left-hand side is A.
Example 2. A terminology {TBox) with concepts about family relationships can
be introduced as follows:

Woman = Person 1 Female
Man = Person [ -Woman
Mother = Woman N 3hasChild.Persan
Father = Man IM 3hasChild.Person
Parent = Father U Mother
Grandmother = Mother N JhasChild.Parent
MotherWithManyChildren = Mother 2z 3hasChild
i MotherWithoutDaughter = Mother N ¥hasChild.—Woman
Wife = Woman M JhasHusband Man 1]

Suppose, that 7 is a terminology. We divide the atomic concepts accurring in 7
into two scts, the name symbols Ay (defined concepts) that aceur on the left-hand
side of some axiom and the base symhols B (primitive concepts) that occur only
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on the right-hand side of axioms. Based on this, terminologies define name synbols
using base symbols.

A base interpretation for 7 is an interpretation that interprets anly the hase
symbols. Let J be a base interpretation. An interpretation I that interprets
also the namea symbols is an extension of 7 if it has the same domain as 7, ie.,
_Pu =AY, and if it agrees with 7 for the base symbols. We say that T is definitorial
if every base interpretation has exactly one extension that is a model of 7. In
other words, if we know what the base symbols stand for, and T is definitorial,
then the meaning of the name symbols is completely determined. If a terminclogy
is definitorial, then every equivalent terminology is also definitorial.

The question whether a terminology is definitorial or not is related to the ques-
tion whether or not its definitions are cyelic,

(1) Human' = Animal 1 hasParent. Human'

Let A, B be atomic concepts occurring in 7. We say that A directly uses Bin T
if B appears on the right-hand side of the definition of A. The transitive closure
of the relation “directly uses” is called “uses”. Then T contains a cycle iff there
exists an atomic concept in 7 that uses itself. Otherwise, 7" is called acyclic.

If a terminology 7" is acyclic, then it is definitorial. Definitions in terminology
T can be expanded by replacing each occurrence of a2 name on the right-hand side
of a definition with the concepts that it represents. If T is a acyclic this process
eventually stops giving a terminology 77 containing solely definitions of the form
A = C, where (' contains anly hase symbols and no name symbols. T is the
expansion of 7. Size of the expansion can be exponential in the size of the original
terminology.

Example 3. The expansion of the Family TBox previously introduced is:
Woman = Person N Female
Man = Person N —{Person M Female}
Mother = (Person M Female) N JhasChild.Person
Father = (Person M —~(Person M Female)} N 3hasChild Person
Parent = {(Person M —(Person 11 Female)) 1 3hasChild.Person)
lJ ({Person M Female) M 3hasChild. Persan)
Grandmaother = ((Person M Female) 1 JhasChild.Person)
1 3hasChild. (({Person 1 ~{Person M Female})
M JhasChild.Person)
U ({Persen M Female) M 3hasChild.Person))
MotherWithManyChildren = {{Person 1 Female) 1 JhasChild.Person) 3 3hasChild
MotherWithoutDaughter = ({Person 1 Female) N ShasChild.Person)
N YhasChild.(~{Person M Femnale}))
Wife = (Person 1 Female)
M 3hasHusband.{Persen N ~{Person 1 Female))

It
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ABox. Finally, T satisfies an assertion a or an ABox A with respect to a TBox T
if in addition to being a model of @ or of A4, it is a model of T, Thus, a model of A
and T is an abstraction of a concrete world where the concepts are interpreted as
subsets of the domain as required by the TBox and where the membership of the
individuals to concepts and their relationships with one another in terms of roles’
respect the assertions in the ABox.

Individual names in the description Janguage. Sometimes, it is convenient to allow
individual names [also called nominals} nol anly in the ABox, hut in the description
language as well. The maost basic constructor employing individual is the “set” {or

one-of), written by {e1,...,an}, where a1,...,ap are individual names. As one
could expect, such a set concept is interpreted as
(3) {a1,- - an}" = {al,--. 0k}

With sets in the description language one can, for instance, define the concept of
permanent members of the UN security council as {CHINA, FRANCE, RUSSIA, UK, us}.

Another constructor involving individual names is the “fills” constructor R : @
for a role B. The semantics of this constructor is:

{4) (B )" ={de AT | {d,a”} € BT}
that is, R : @ stands for the set of those ohjects that have a as a filler of the role R.

2.2, Inferences. A knowledge representation system can perform specific types of
reasoning, Knowledge base, containing TBox and ADox has semantics that makes
il, equivalent to a set of axioms in first-order predicate logic. Like any other set of
axioms, it contains implicit knowledge that can be made explicit through inferences.

Further discussion shows that the main problem with inference is consistency
check for ABox, to which all other inferences can be reduced.

2.2.1. Reasoning tasks for concepts. During the maodeling of a domain termi-
nology 7 is constructed by defining new concepts. Tt is important to check if new
concepts are contradietory ur not. A concept is meaningful if there is an interpre-
tation that satisfies the axioms of T, such that the concept denotes a nonempty set
in that interpretation. Such a concept is satisfiable with respect to T, otherwise it
is unsatisfiable.

To check whether a domain model is contradictory or not, or to optimize queries
that are formulated as concepts, it might be needed to know whether a concept
is more general than another one (the subsumption problem). A concept C' is
subsumed by a concept D il in every model of 7 the set denoted by ' is a subset
of the set denoted by D. The algorithms that check the subsumption may also be
used for organizing concepts of a TBox in a taxonomy according to their generality.

Two more relationships between concepts are equivalence and disjointness. These
properties are formally defined as follows. Let 7 be a TBox.

Satisfiability: A concept C is satisfiable with respect to 7 if there exists a
model T of T such that C* is nonempty — T is a model of C.

Subsumption: A roncept C' is subsumed by a concept I with respect to T
#6ZC DT foreverymodel Tof T - C Ly Dor TECLED.
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Equivalence: Two concepts £ and D are equivalent with respect to T if
Ct=Dforeverymoded Tof T ~-C=rDor TEC=D.

Disjointness: Twa concepts ¢ and I are disjoint with respect to 77 if CT N
DT = 0 for every model 7 of T

If the TBox is empty, we simply write & € I if € is subsumed by D, and
FC =D if ¢ and D are equivalent.

Lemma 3 {(Reduction to Subsumption). For concepts C, D we have

{1) C is unsabisfiable & C is subsumed by L;
(2) C and D are equivalent < C is subsumed by D and D is subsumed by C;
(3) C and D are disjoint & C N D is subsumed by L.

The statements alsa hold with respect to o TBox.

Most DL systems that can check subsumption can perform all four inferences
defined above, because almost all of description languages implemented in actual
DL systems contain an unsatisfiable concept and all of them include the intersection
operator “I7.

Subsumption, equivalence, and disjointness of concepts can be reduced to the
satisfiability problem if in addition to intersection, a system allows forning of the
negation of a deseription [Smo88].

Lemma 4 (Reduction to Unsatisfiability). For concepts C, D we have
(1) C is subsumed by D & CN D is unsatisfiable;
(2} C and D are equivalent & both (C' 1 —D) ard {(—C'N D) are unsatisfable;
(3) € and D are disjoint & C N LD is unselisfichle.

The statements also hold with respect to o TBox.

Since, for sets M, N we have M C N iff M < N = @, then the reduction of sub-
.mzavznﬁ becomes apparent and easy to understand. The reduction of equivalence
is eorrect because ¢ and D are equivalent, if and only if €' is subsumed by D and
D i subsumed by . Finally, the reduction of disjointness is just a rephrasing of
the definition.

In an AL-language without full negation, suhsumption and equivalence cannot
be reduced to unsatisfiability in the way shown in Leroma 4. The complexity of
such inferences is somewhat different.

As seen in Lemma 3, fram the viewpaint of worst-case complexity, subsumption
is the most general inference for any A£-language. Lemma 5 shows that unsatisf-
ability is a special case of each of the other problems. Lemma 3 and 5 show that,
in order to obtain complexity bounds for inferences on concepts in AL-languages
(more precisely, for the complexity of the unsatisfiability, the equivalence, and the
disjointness problem), it suffices to assess lower hounds for unsatisfiability and up-
per bounds for subsumption.

Lemma 5 (Reducing Unsatisfiability). Let € be a concept. Then the follawing
statements are equivalent:

(1) C 1is wnsatisfiable; {3) C end L are equivalent;
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2.3. Reasoning algorithms. As it was shown in the previous section, if conjunc-
tion and negation are allowed in certain DL, then all relevant inference problems
can be reduced to comsistency problem for ABoxes. If negation is not allowed,
then subsumption of concepts can be computed by so-called structural subsump-
tion algorithms, i.e., algorithms that compare the syntactic structure of (possibly
normalized) concept descriptions. Such algorithms are, usually, very efficient, but.
they are only complete for rather simple languages with little expressivity. In par-
ticular, DLs with (full) negation and disjunction cannot be handled by structural
subsumption algorithms. For such languages, tableau-based algorithms are often
used.

Designing new algorithms for reasoning in DLs can be unrecessary in many
cases. Trying to reduce the problem to a known inference problem in logics is a
good way. For example, decidability of the inference problems for AL and many
other DLs can be obtained as a consequence of the known decidability result for the
two variable fragment of the first-order predicate logic. ‘The language £2 consists
of all formulae of the first-order predicate logic that can be built with the help of
predicate symbols {inciuding equality) and constant symbols {but without function
symbols) using only the variables z, y [Mor75]. By appropriately rensing variable
names, any concept description of the language ALC can be translated into an £3-
formula with one free variable [Bor96]. This connection between ALC and £7 shows
that any extension of ALC by constructors that can be expressed with the help of
only two variables yiclds a decidable DL. Number restrictions and composition of
roles are examples of constructors that cannot be expressed within £2, but number
restrictions can be expressed in €2, the extension of £2 by counting guantifiers,
which has recently been shown to be decidable [Gra et al. 97, Pac97]. However, the
complexity of the decision procedures obtained in this way is usually higher than
necessary: for example, the satisfiability problem for £? is NExpTiMe-complete,
whereas satisfiability of ALC-concept descriptions is “only” PSpACE-complete.

Lower complexity decision procedures can be obtained by using the connection
between DLs and propositional modal logics. ALL is a syntactic variant of the
propositional muiti-modal logic I [Sch91] and the extension of ALC by transitive
closure of roles corresponds to Propositional Dynamic Logic (PDL) [Baagl]. Some
of the algorithms used in propositional modal logics for deciding satisfiability are
very aimilar to the tableau-based algorithms newly developed for DLs. Instead of
using tableau-based algorithms, decidability of certain propusitional modal logics
(and thus of the corresponding DLs), can also be shown by establishing the fi-
nite modcl property [Fit93] of the logic {i.e., showing that a formula/concept is
satisfiable iff it is satisfiable in a finite interpretation) or by using tree automata
[VarWol&6].

2.3.1. Structural subsumption algorithms. These algorithms usually proceed
in two phases. First, the descriptions to he tested for subsumption are normalized,
and then the syntactic structure of the normal forms is compured. Ideas underlying
this approach will be shown for the language FLq, which allows for conjunction {CT1
1) and value restrictions (VR.C'). Then the bottom concept (L), atomic negation
{~A) and numher testrictions (£ nft and 2 nR) handling will be presented.
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An FLo-concept description is in a normal form iff it is of the form
AN AALO¥RLCY .. NYRLC

where Aj,..., 4, are distinet concept names, Ry,..., R, are distinct role names,
and C,...,Cy are FLg-concept descriptions in normal form. Using associativity,
cornmutativity and idempotence of 1, and the fact that the descriptions VA.(€'N.D)
and (VR.C) N {¥A.D) are equivalent, it is easy to see that any description can be
transformed into an equivalent one in the normal form.

Lemuma 6. Let A\ N ... NMA, NVR.C10...NYR,.C, be the normal form of the
FLo-eoncept description C, and By 1. . .NBy WS D M. . .TW5.D; the normal form
af the Flg-concept description D, Then C T D iff the following two conditions
held:

(1) for all i, 1 < i< k there exists §, 1 £ 7 < m such that B; = A;

(2) foralii, 1 €41 there emists j, 1 € § n suck that S; = Rj and C; T D;

Having this lemima in mind, it is easy to construct recursive algorithm for com-
puting subsumption. That algorithm has a polynomial time complexity [LevBra87].

If FLp is extended by language constructurs that can express unsatisfiable con-
cepts, then the definition of the normal form must be changed. On the other hand,
the structural comparison of the normal forms must take into account that an
unsatisfiable concept is subsumed by every concept. The simptest DL where this
occurs is FL )| the extension of FLy by the bottom concept L.

An FL -concept description is of the normal form iff it is L or of the form

AN NA,NYRLC, N...NVR,.C,

where A;,..., A, are distinct concept names different from 1, Ry,..., R, are
distinct role names, and (1, ..., €, and FL | -concept descriptions in the normal
form. Such a normal form can easily be computed. In principle, one just computes
the FLp-normal form of the description {where 1 is treated as an ordinary concept
namel: By N...MB NVR.DyN...NV¥YR,.D,. If one of the B;s is L then replace
the whole description by L. (Otherwise, apply the same pracedure recursively to
the Dhs. The structural subsumption algorithm for F£, works just like the one
for F Lo with the only difference that L is subsumed by any description.

Extension of £, by atomic negation can be treated similarly. During the
computation of the normal form, negated concept names are treated like concept
names. If a name and its negation accur on the same lavel of the normal form,
then L is added, whick can then be treated as described above. The structural
comparison of the normal forms treats negated concept names just like concept
names.

Finally, if we consider the language ALA, the additional presence of number
restrictions leads to a new type of conflict. On one hand, as in the case of atomic
negation, number restrictions may be conflicting with each other (e.g. = 2R and
£ LR). On the other hand, at-least restrictions 2 aft for n 2 1 are in conflict with
value restrictions YR.1. When computing the normal form, number restrictions
can be treated like cancept names. The next step is taking care of the new types of
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The second important property of the set of transformation rules is that the
sransformation process always terminates:

Lemma 8 (Termination [Baa3at03, Don et al. 97)). Let Cp be an ALCN -roncept
description. There cannot be an infinile sequence of rule applications

HColza)}} 2+ S =G> -

Lemma 9. Let A be an ABoz contained in S; for some iz L. Then:

o For every individual  # Zp occurring im A, there is @ unique sequence
Ri,..-, B (I 2 1) of role names gnd o unrigue sequence Iy,..., Ty of
individual names such that *m_??w?mu?fa&_....m._?_l__ei C A
In this rase, we say that © occurs on level 1 in A

« IfC(z) € A for an individual name z on level {, then the mazimal role
depth of C (i.e., the mazimal nesting of constructars invalving roles) is
bounded by the mazimal role depth of Cp minus 1. Consequently, the level
of any individual in A is bounded by the mazimal role depth of Cy.

o [fC(z)E A, thenC is @ subdescription of Cp. Conseguently, the number
of different concept assertions on x is bounded by the size of Cy.

» The number of different role successors of T in A (i.e., individuals y such
that R(z,y) € A for a role name R) is bounded by the sum of the num-
bers occurring in at-least restrictions in Co plus the number of different
existential restrictions in Co.

Starting with {{Co(za)}}, we thus obtain after a finite number of rule appli-
cations a set of ABoxes &, to which no more rules apply. An ABox A is called
complete iff none of the transformation rules applies to it. Consistency of a set of
complete ABoxes can be determined by looking for clashes. The ABox A contains
a clash iff one of the following three situations occurs:

{i} {L{z)} € A for some individual name z;
(i) {A(z),~A(z)} € A for some individua! name ¢ and some concept, name A;

(iii) {( nR@U{RGE W) |1 €ignrfu{p#yllsi<is at+l}CA

for individual names ©,y1,. .-+ ¥nt1: 3 nonnegative integer n, and a role
name R.
Obviously, an ABox that contains a ctash cannat be consistent. Hence, if all

the ABoxes in & contain a clash, then S is inconsistent, and thus by the soundness

lemma {Co{za)} is inconsistent as well. Consequently, Cp is unsatisfiable. If,
however, one of the complete ABoxes in 4 is clush-free, then S is consistent. By
soundness of the rules, this implies consistency of {Co{ma)}, and thus satisfiability
af QO.

Lemma 10 (Completeness). Any complete and clash-free ABozx A has a medel.

This lemma can be proved by defining the canonical interpretation T4 induced
by A:
(i) the domain ATa of T4 consists of atl the individual names aceurring in A;
(i) for all atomic concepts A we define AT+ = {z | A(z) € A}
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iii) for all atomic roles R we define RE4 = {(z,y) | Riz,y) € A}

T 4 satisfies all the role assertions in A, by definition, and, by induction vn the
structure of concept descriptions, it is easy to show that it satisfies the concept
assertions as well. The inequality assertions are satisfied since z # y € A only if z,
y are different individual names.

The facts stated in Lemma 9 imply that the canonical interpretation has the
shape of a finite tree whose depth is linearly bounded by the size of Cy and whose
hranching factor is bounded by the sum of the numbers occurring it at-least restric-
tions in Cp plus the number of different existential restrictions in Cy. Consequently,
ALCN has the finite tree model property, i.e., any satisfiable concept Cg Is satisfi-
able in a finite interpretation T that has the shape of a tree whose root belongs to
Co-

Theorem 2. It is decidable whether or not an ALCN -concept is satisfiahle.
Theorem 3. Sotisfiability of ACCN -concept descriptions ts PSPACE-complete.

2.3.4. Extension to the consistency problem for ABoxes. Algorithm that
decides consistency of ALCA-ABoxes can be constructed as an extension of de-
seribed tableau-based satisfiability algorithm. Let A be an ACCA-ABox. To test
A for consistency, we first add inequality assertions a # b for every pair of distinct
individual names a,b oceurring in A Let Ag be the ABox obtained in this way.
The consistency algorithm applies the rules of Figure 2 to the singleton set {Ao}-
Soundness and completencss of the rule set can be shown as before.

Termination can be enabled by requiring that generating rules —3 and —+; may
only be applied if none of the other rules are applicable.

Following & similar idea, the consistency probiem for ALCN -ABoxes can be re-
duced to satisfiability of ALCAN -concept descriptions [Hol96). Roughly speaking,
this reduction works as follows: In a preprocessing step, one applies the transfor-
mation rules only to old individuals {ie., individuals present. in the original ABox).
Subsequently, one can forget about the role assertions, i.e., for each individual name
in the preprocessed ABax, the satisfiability algorithm is applied to the conjunction
of its concept assertions.

Theorem 4. Consistency of ACCN -ABozes is PSpace-complete.

2.3.5. Extension to general inclusion axioms. In the above subsections, we
have considered the satisfiability problem jor concept descriptions and the consis-
tency problemn for ABoxes without an underlying TBox. In fact, for acyclic TBoxes
one can simply expand the definitions. Expansion is, however, no longer possible
if general inclusion axioms of the form G T D, where € and D may be com-
plex descriptions, are allowed. Instead of considering finitely many such axioms
C1 T Dy,...,Cn C Dy, it is sufficient to consider the single axiom T C C, where

€ = (=G, UD) N M (~Cn U D)

The axiom T C ¢ sitnply claims that any individual must belong to the concept c.
The tableau algorithm introduced above can pasily be maodified in such a manner
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(complement), Ko § (composition), B* (transitive closure), R~ (inverse), id{C)
{role identity) are also role descriptions.

Given an interpretation 7 is extended to (complex) role deseriptions as follows:
() (RNS? = BEns%, (RUS)T =RTUSE, (~R)Y = AT x AT - RT;
(i} (o 8)E = {{a.c) € AT x AT | (3)(m.b) € RE A [bc) € 51%;
(i) (AN) =Uip (BT, Lesy (R*)T is the transitive closure of (RT);
(iv) (R7YE = {(b,n) € AT x AT | (a,b) € BT}
() id(C)F = {(a,8) € AT x AT | & € CT}, ie,, each instance of concept to
itself.
For example, the union of the roles hasSon and hasDaughter can be used to
define the role hasChild, and the transitive closure of hasChild expresses the role
hasOffspring. The inverse of hasChild yields the role hasParent.

Example 5. The following ALLT, .y TBox Trie models a file-system constituted
by file-system elements:

FSelem C 3name.String
FSelem = Directory U File
Directory C —File
Directory C Vchild.FSelem
File C Ychild. L
Root C Directory
Root € Vchild™. L

The axioms in Ty imply that in a model every object connected by a chain of
role child to an instance of Root is an instancé of FSelem. Formalty,

Trite £ I(child™ )+ .Root . FSelem

It is shown that the complexity of satisfiability and subsumption of ‘concepts
in the langnage AZCN™ {also called ACCA'R in the literature and which extends
ALCA by intersection of reles) are still PSpacE-complete Don et al. 97, Tob01].
Decidability of the extension of ACCN by the three Boolean operators and the
inverse operator is a direct consequence of the fact that concepts of the extended
language can be expressed in 2, ie., first-order predicate logic with two vari-
ables and counting quantifiers, which is known to be decidable in NEXPTIME
[Gri et al. 97, Pac97]. Tt is also shown [LutSat00] that ALL extended by role com-
plement is ExpTME-complete, whereas ALC extended by role intersection and
atomic role complement is NEXPTIME-complete.

For ALCrens (which extends ALC by transitive-closure, composition, and union
of roles) subsumption and satisfiability problem have been shown Lo be decid-
able [Baa91} and ExpTimMe-complete [FisLad79, Pra79, Prag0}. The extension
of ALCirans by the inverse constructor corresponds to converse PDL {FisLad79],
which can also be shown to be decidable in deterministic exponential time [Wards).
ALCirans extended by inverse and number restrictions does not have the finite
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muodel property. Nevertheless, this DL still has an ExpTiME-completc subsump-
tion and satisfiability problem.

2.4.2. Expressive number restrictions. First, we will consider the so-called
gualified number restrictions, where the number restrictions are concerned with
role-fillers helonging to a certain concept.

Example 6. Given the role hasChild, the simple number restrictions introduced
above can only state that the number of all children is within certain limits, such
as in the concept 3 2hasChildr £ 5ShasChild. Qualified number restrictions can also
express that there are at least 2 sons and at most 5 daughters:

> ZhasChild.Malen £ 5hasChild. Female

Adding qualified number restrictions to ALC leaves the important inference prob-
lems (like subsumption and satisfiability of concepts, and consistency of ABoxes)
decidabie: the worst-case complexity is stili PSPACE-complete. The language is
decidable if general sets of inclusion axioms are allowed [Buc et al. 93].

The second group of extensions are those which allow for complex rale expressions
inside number restrictions. The exténsion of ALCA by number restrictions involv-
ing composition has a decidable satisfiability ard subsumption problem. On the
other hand, if any number restrictions involving compaosition, union and inverse, or
number Testrictions involving composilion and intersection are added, then satisfi-
ability and subsumption become undecidable [BaaSat98, BaaSat99]. For AL ,rune
the extension by number restrictions involving compositionis already undecidable
[BaaS5at03].

Third, if the explicit numbers » in number restrictions are replaced by variables o
that stand for arbitrary nouncgative integers, the expressive power of langnage can
further be increased by introducing explicit quantification of the numeric variables.

It is shown that ALCA extended by such symbolic number restrictions with
universal and existential quantification of numerical variables has an undecidable
satisfiability and subsumption problem. If one restricts this language to existen-
tial gquantification of numerical variables and negation on atomic concepts, then
satisfiability becomes decidable, but subsumption remains undecidable.

2.4.3. Role-value-maps. Role-valie-maps are a family of very expressive con-
cept constructors, which were, however, available in the original KL-One-system.

Definition 2 (Role-value-maps). A role chain is a compaosition Ryo---0R, of role
names. If &, § are role chains, then R C § and R = 5 are S.unm@a.
A given interpretation I is extended to rolevaluzs-maps as follows:

(i) (RCS® ={acaT|vt){a,b) € R - (ab) €57)}
() (R=87 = {ae 7| (¥b)((a,b) € R® ¢ (a,8) € $7}}

il

Example 7. The concept
Person M {hasChild  hasFriend < knows)
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(-R)? = TE BT
(R: N Ry)* =RINRZ
(ifn: ) = {{dh,....dn) E TIid; € Q..J
Ti= a2
AT c Al
(-~ =AT ¢t
eine)? =cinct
(@R = {d e AT | (dy,..-,dn) € RT)d; = d}
(KR = [de AT _ﬁ&f cd) ERT | di = A: £k}
Theorem 6. Logical implication in DER is ExpTIME-complete.

DLR can be extended to include regular expressions buill over projections of
relations on ¢wo of their components, thus obtaining PLR ., {decidability is also
ExpTIME-complete).

DLR and DLR,., are generatizations of ALCQT and ALCQT,,g, and they can
be extended by Boolean constructs on roles and role inclusion axioms. Obtained
languages have ExpTIME-complete logical implication.

Reasoning in SHTQ, which is ALCQT extended with roles that are transitive,
and with role inclusion axioms on arbitrary roles (direct, inverse, and transitive),
is still EXPTIME-complete,

3. Description logics with modal operators

3.1. Preliminaries. We begin by defining the modal concept description language
ALC p¢ and its semantics. -
The primitive symbols of AL o4 are:

& concept names Co, C),...,

» role names Ry, R;,. .., and

® object names ag,aq,...,
Starting from these we can form compound concepts and formulas using the follow-
ing constructs. Suppose R is a role name and C, D are concepts (for the basis of
our inductive definition we assume concept names to be atomic concepts). Then T,
CND, -C, 3R.C, and ¢C (or CUD, CSD for a strict linear order) are concepts.

Atomic formules are expressions of the form T, C = D, a: C, and a Rb, where
a, b are object names. If ¢ and ¢ are formulas then so0 are ¢ A+, ~p, and (¢ {or
Yldp, YSy for a strict lincar order).

The pure deseription part of this language is ACC. By adding the constructs for
the formation of the union R U S, composition R o S, transitive reflexive closure
R* and test C7, we can extend it to C, and to CI (CIQ) by adding still inversion
R~ {inversion R~ and number restrictions 32" B.¢7, where B is a role name or its
converse). The corresponding modal description language is denoted then by Cay,
CI, At and cIQ M-

;
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A model of ALC o, based on a frame F = (W, <) is a pair T = {3, 1} in which
I'is a function aszociating with each w € W a structure

Iw) = (a7, &IV, ofv,. gy

where A" is a nonempty set of objects, the domain of w, mm.s are binary relations
on A I subsets of AT, and a;™ are objects in AT such that ﬁ:a =a™,
for any v, w € W,

One can distinguish between three types of models: those with constant, erpand-
ing, and verying domains. In models with constant domains A%Y = AT for all
v,w € W. In models with expanding domains A7 C AXY whenever v < w. And
models with varying domains are just arbitrary models.

Given a model M and a world w in it, we define the value CT% of & concept C
in w and the truth-relation (P, w) F ¢ (or simply w E ¢, if M is understood) by
taking:

Th =4, and T =Cl" for €= :
._\,Q n bv?E — Q.—.E n U.PE“ AI_QHPE = A~ Qm_sm

€ (OCY ™ iff Wwae i

3

z€ (FRCY ™ Ty € T zR vy,

wEC=D if ¢'v=pl
wka:C iff o’ e ofe

wFEaRb  iff alRNe
wk O iff Jvpwoky
wFEphd i wEyandwk;
w F - i wke
I § = (W, <) is a strict linear order with modal operators & and &, than we have
z € (CU DY iff thereis u > wsuch that x € D™ and z € ¢ for all v € (o, 4);
z € (CS Dy iff thereis u < wsuch that € M and g € O™V for all v € (u, w);
w E U x il there is u > w such that w & x and v ¢ for all v € (w,u); and
w = 3.8 x iff there is u < 1 such that uF x and v F ¢ for all v € (u,w).
A formula ¢ is satisfiable in a class of models M if there is a model 9t & M and
a world w in AR such that w F . We will use special names for certain classes of
models with one accessibility relation. Namely,
K the class of all madels;
85 the class of models based on frames with the universal relations,
ie, u v for all uand v;
K45 the class of transitive, serial (VuJv u < v} and Euclidean
(uavAu<w = v <gw) models;
&4 the class of all quasi-ordered models;
K4 the class of transitive models;
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cross product T % +++ x T at different time points.® The operators ¢* (at some
mament) and its dual O* (at all moments) can be defined for both entities and
relations as ¢*E = EUOYEU G E and T*E = EU DY E 11O E, respectively.

The nontemporal fragment of T?£Rys coincides with PLR. For both entity
and rclation expressions all the Boolean constructs are available. The selection
expresston ifn : E denotes an nary relation whose i-th argument (i € n) is of type
£ if it is clear from the context, we omit n and write (i : E). The projection
expression 32*[i]) R is a generalization with cardinalities of the projection operator
over the ith argnment of the relation R {which coincides with 32![{]R). It is also
possible to use the named atiribule version of the model by replacing argument
position numbers with role names.

Given a formula ¢, an interpretation I, and a time point ¢ € T, the truthrelation
I,tE @ {p holdz in I at moment t) is defined inductively as follows:

ItEECE, i BOcEY

LiFRCR, iff RWcRW

ItEpny if I,tFywandl, ik

Ltk g i Ltre

I tE oliy if Jvxt(l,vFyPAVwe ({t,u)],wFyp)
I tFE oSy iff Jv<t(loEvAVwe (o)l wEy)

A formula ¢ is called satisfinble if there is a temporal model [ such that I, t F ¢,
for some time point £. A conceptual schema T is setisfiable if the conjunction A E
of all formulas in £ is satisfiable {we write I,t F ¥ instead of I,¢ F A L); in this
case [ iz called a model of £. We say that X is glebally satisfiable if there is [
such that I,t F T for every ¢ {I,tF I, in symbols). An entity £ (or relation R) is
satisfindle if there is I such that B\ # ( (respectively, R7{?) # @), for some time
point ¢. Finally, we say that T (globally) implies ¢ and write ¥ E y if we have
I E ¢ whenever I E I,

Note that an entity E is aatisfiable iff —(& C L] is satisfiable. An n-ary relation
R is satisfiable iff ~{32![{]R C 1) is satisfiable for some i < n. A conceptual schema
X is globally satisfiable iff O*(A ) is satisfiable. And Z & o iff (O*({A ) Ay is not
satisfiable. Thus, all reasoning tasks connected with the notions introduced above
reduce to satisfiability of formulas.

The logic PLRys can be regarded as a rather expressive fragment of the first
-order temporal logic Lisiteemntil}. of [ChoSaa08, Hod et al. 2000].

3.3. Temporal queries. One more important reasoning task is known as the prob-
lem of query containment (see, e.g., [ChoSaa®8, Cho94, Abi et al. 96] for a survey
and a discussion about temparal queries). A non-recursive Dotolog query (ie., a
digjunction of conjunctive queries or SPJqueries) over a DLRys schema I 15 an

3For instance, we may have (dy,ds} € (OFTR)(D because {di,dy) € {HTRIUHD pat
{dv,dz) ¢ (T2) e+,
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expression of the form

Q@) : -\ Q7 7.8
i

where cach € is a conjunction of atoms

e e B J
by —
Qi(2.3).2) = A Pl ol 6
i
-+ 3 —+

F} are DLRys entity or relation expressions, z¥, v}, and ¢} arc scquences of dis-
tinguished variables, existential variables, and constants, respectively, the aumber
of which is in agresment, with the arity of P{. The variables Z in the head are
the union of all the distinguished variables in each (J;; the existential variables are
used to make coreferences in the query, and constants are fixed values. The arity
of § is the number of variables in ¥.

It is to be noted that we allow entities and relations in the query to occur in
the conceptual schema I, This approach is similar to that of [Cal et al. 98], where
atoms in a query can be constrained by means of schema formulas.

The semanties of queries is defined as follows. Let J be a temporal model and
t a fime point in T such that I satisfies £ at ¢, i.e., I,t F . The snapshot
interpretation

Ity = AR, {E'® |Ee ENY, [R™® [Re Eév

can be regarded as a usual firstorder structure (i.e., a snapshot nontemporal data-
base at time  conforming in 4 scnsc to the conceptual schema), and so the whole
I as a first-order temporal model {with constant domain AT in which some values
of the query constants are specified). The eveluation of a query @ of arity n under
the constraints L in the model I at moment ¢ is the set

ans(Q, 1(6)) = { @ e (A" | 1,¢ £ \/ 35].9,(9, 5.}
k)

Given two queries (of the same arity) 1 and @2 over I, we say that @y is contained
in Q7 under the constraints ¥ and write £ F @, € @ if, for every temporal model
I and every time point t, we have ans(@Qq, F(€)) C ans(Qz, I{t)) whenever I,tF Z.
Note that the query satisfiability problem--given a query @ over a schema I, to
determine whether there are I and ¢ such that I,¢ F L and ans(@, I{#)) # §—is
reducible to query containment: @ is satisfiable iff B ¥ @AMJ C %QJ A JWQJ_
where P is a DLRysrelation of the same arity as Q.

3.4. Conceptual Schema and Query Examples. As an example, let us consider
the following conceptual schema I, where we introduce a shorteut for global atomic
formulas By, C* Ep = O*(E; C Ey), for both entities and relations:

Woaorks-for C* emp/2 : Employee Mact/2 : Project
Manages C* man/2 : TopManager Nprj/2 : Project
Employee C* mu:?oa__umv.m_:uz_._acm_.

N 3=Yfram](PaySlipNumber M to/2 : Integer)
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set of tiles with colours lefa{T}), right(T}), up(Ti}, and down(T;). Consider the
fallowing schema ¥, where Dy,..., Dy are concepts and K is a binary relation:

R=0*R, BE=¢*R, T=3RT,

hu-.ml_bu.. T =Dy U---L Dy, fori # 4,

D C L YR.I;, fori <k,
right(T,)=te fL(T;]

D;C E] @Dy, forig k.
up(Ty)=down(T;)

(Here 3R.C = 32 1R N2/2: ), VR.C = ~IR.~C.) 1t is readily checked that
¥ is globally satisfiable iff 7" tiles Z x N, ]

The main technical reason for undecidability is the possibility of temporalising
binary relations. The proof uses a very small fragment of DLRys: even ALC with
OI* or one global role is enough to get undecidability. This gives us some grounds to
conjecture that already the basic temporal EER model with just snapsho relations
is undecidable.

The fragment DLR;; 4, in which the temporal operators can be applied only to
entitics and formulas, exhibits a much better romputational behaviour. In this case
we have the following hierarchy:

Theorem 9. Let the flow of time be (Z,<}. Then

(1) the problem of logical implication in DLR, ¢ involving only atomic formulas
is ExpTIME-complete;

(2) the formula satisfiability problem (and so the prablem of logical implication)
in DLR, ¢ is EXPSPACE-compleie;

{3} the queryconteinment problem for nonrecursive Datalog queries under
DLRys-constraints is decidable in 2EXPTIME and is BxPSpacrhaerd.

In the remainder of the section we sketch a proof of this theorcm. To make
it mare transparent, we confine ourselves to consideringonly the future fragment
DLR;, of PLRys. {(From now on O stands for Ot and O for ®.) The main
technical tool in the proof is the method of quasimodels developed in [WoiZakh98,
WolZakh99b]. The idea behind the notion of a quasimordel is to represent the state
of the {in general, infinite) domain of a temporal model at a each moment of time
by finitely many types of the domain objects at this moment (modulo a given finite
set of formulas); the evolution of types in time is described by special functions
called runs.

Suppose that I consists of a finite set f(I") of DLR;-formulas and a fAnite set
¢(T) of concepts, f{T) is closed under sub-formulas, ¢(T'} under subconcepts, both
are closed under {single) negation, and each concept oceurring in f(T') belongs e(E).
A concept type for T is o subset t of e(I") such that

CNDetifl C\D et, for all CND € e(T);
—~Cetiff C ¢, forall O €cl).

REASONING [N BASIC DESCRIPTION LOGICS L

A formula type for I' is a subset & of f{I") such that
vbAxc®iffe,xecd, forall b A x € F(T);
- e ®iff o & &, for all ¢ € F(I).
A pair (T, &), where T is a set of concept types and € a formula type for T, is callidl

a quasistate candidate for I'. We say that the quasistate candidate € = (T, ) s n
gquasistate for T if uhe following {non-temporal) DLR-formula ac

T..T.E = & AN ety = AN
tET LeT
is satisfiable. Here c(t) denotes the conjunction of all concepts in ¢, concepts of the
form CU D are regarded as atomic concepts Acyp, and formulas of the form of (4
in ¢ are regarded as atomic formulas Az = T.
Consider now a sequence of quasistales Q@ = {Q(r} : n € Z)
{Tn, Prn). A runin @ is a scquence r = {r(n) : n € Z) such that
1. 7(n) € T, for every n € Z;
2. for every CUD £ o) and every = € Z, we have CUD € r(n) U there in
1> n such that D € #(f) and C € r{k) for all k€ (n,!).
Finally, @ is called a gquasimodel for [ if the following conditions hold:
3. for every n € Z and every ¢ € T, there is a run r in @ such that rin) = t;
4. for every difx € f{I') and every m € Z, we have ify € &, iff thereis! > n
such that x € &, and ¥ € &; for all k € (n,I).
Given a DLRy;-formula , we denote by cl{iw) the closure under (single) negation
of the set of subformulas and subconcepts of .

, where Q(n) =

Theorem 10. DLRy-formula i is satisfiable iff there 35 @ quasimedel for cl(p)
such that p & By,

Proaf. Suppose o is satisfied in a model [ with domain A. For every n € Z, defing
Q(n) = (T, ®n) by taking T, = {t"{z} : z € A}, ®. = {9 £ d() : Ln b 9},
where t*(z) = {C € el() : z € 'Y, It is easy to see that (Q(n) in € B) s
quasimodel for . {Note that the sequence {t*{z) : n € Z) is a run through 1" (s},
for every n € Z and every x € A). To show the converse we require the following
lemma.

Lemma 11. For any coardinal & = No and any quasisiste € for ¢, the fornndo oy
is satisfied in @ (non-temporal) DLR-model J in which |[2]7] = & for all i in ihe
domain A of J, where [z]' = fy e A VC e dlw)iz € &Y oy e ).

Prosf. As LR is a fragment of first-order logic, we have a countable T£R-maodel
[ satisfying @¢. Define J as the disjoint union of & copies of I; more procisely, 1ok

Al ={{zx,8):z¢€ Al £ < k),
Wm.w = AAAHD.MY..J AH:“mvv : Aﬁa,...uﬂﬂv € .~d_._._.m < 3.“..,
(Ta)? = ({0, €0y - (T, &) {0y o 2a) € (Ta)T € < 8.

1t is easy to see that J is as required. L}
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In the proof we will use abhreviations (having in mind that we do not use 5)
O = 1 A Oy, 0"t = ¢ v Oy for formula +, and for a concept C' abbreviations
*C=Cn0c, ¢*C =CudC; VRO =-31-C.

Proof. We will show here the lower bound for the satisfaction problem in A” by
reducing to it the n-CORIDOR tiling problem, n given in binary, which is known
to be EXPSPACE-complete [Boas96]. Namely, for a set 7 = {t;,...,t,} of tiles
and n < w, we construct an A4LC,-formula v of length O{r* + 5?) such that v is
satisfied iff 7 tiles 2™ x m rectangle, for some m < w in such a way that sides of
this rectangle are, say, white.

To encode the 2™ column, we define 2° concepts 83, 0 € j < 27, using n concept
names Cg, .- ., Oy and a role name R. Let 4 be the conjunction of the following
formulas:

SRT =T, ~{(-Con---N—-Cphuy) = 1},

n-1 ,i—1
A Q.m ¢ = (C: = YRAC) N(-C; = YR.Cy) = Q,

=0 =0

:L..L
> A_I_ JQh.IvAQ,.Iv<m.Q..vaQ_.lv<w.JQ..vH %v.
=0 =0 .

For any j € {0,...,2" — 1} written in binary as {dn_1,....do), we put B; =
Chn-..n Qn..\m.n where C? is C' if d = 1 and ~ otherwise. If ¢, is satisfied in
an ALC-model, then the sets B in this model are nonempty, pairwise disjoint and
cover the domain of the model.

Let B,Qaq,...,Qn_1 be (r + 1) new concept names. We use them to encode
2% gets [j] of worlds containing all w; for which 1; & Qen...n Q7 =T and
{dn_t,...,do} is binary representations of j. B will coincide with B; in the all
worlds from [§]. This is ensured by the formula tf;:

-1 ! n-—1
A@ci=mraa (8= (iU -Q)) AT ("B =T)

i=0 i=nN
n—1I

>DA> {Qu=T)v(Qi= t@ AEZ=T)AD(Z =~QoM---N=Qp1}.
i=0

Let w) < wj < --- be the ordering of worlds in [0]. Worlds w & {j] such that
wh < w < wit? will be denoted by w!. For example, we may have:

wl<ul<ul cul<ul <wd<wh <w) <wl<wi<uwd <ul<wiawi<-

To encode the 2™ x m grid, we will use new concept names I}, F, F'* A, A* to
construct the conjunction 3z of the formulas

O (D= LA (DNeD = 1))
O*(F = O{Z N ¢*D) N -0(Z M (2 N* 1))
O (F™ = (2N F)N=Q{Z NZ NO™F)))
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O ((A=BrF}A(A*=BNFYA-(A= 1)}

*{(ZNF CQ A)A(ZNF* CH*AY).
Let

F,o=Fl) = [J D™ and Ay, =FnB,
Em,+_1A.EA=.m+u

Then (F¥)703) = Fiyq, AT = Ay and (A*)5 = gy Ty A Avs is
satisfied in a model NV, then for every w € N, there is a unique pair (4,3), i € N,
J < 27" such that w = w}. Conversely, for any such pair (¢, j), there is a w € N such
that w = wi.

Let ¢4 be the conjunction of the fullowing formuias
O((P=TIV(P=1)AGEZNP=T)AO*'((P=T) = O(P = L)}
O(S=0PYA{G(ZN¢P) = 1),

DK =TIV(K =1 AOZNKE =T)AO((K =T) > O(K = L}
OYE=0ZNKIN=0(ZNOZNK)), O(W=0KM-E).

E]

»

For each tile &; € T we take a concept name 7;. Its intended meaning is as
follows: we say that tx covers an element {i, §} in the grid iff A;; C Tk We are now
in position to guarantee that every element of the grid is covered by precisely one
tile and that the colours on adjacent edge of adjacent tiles match.

& &
vo= AT =0Ty (=) AABRT, = )
i=1 =1 i#]
5
AD" A ((ANTi= ) V(ANT: = 4)),

=1

n-1 k=1 k—1
e =0* > Ahl.@»]ﬂ@mv =T AT=Fn HHJQ-.ZQ-"
k=0 =0 =0

n T (60N Qo) U (-6 n-)

)
i=k+1

(If A= Ajy; in some world, then A" = 4, ;. in this world.)

?nm.mmnmm L] 5V>D.Amﬁ_@g:>m f] &

left{)=white i=0 right{{]=white

ﬁnm.T:;m C 5u>m.hm:>m L mu

down([)=white up(lj=white

wrel((fle) ) (vrassowose U1 )

i=0 =1 cight[5}=left{1)
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